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Exercise Set 2.4.3. Use the sandwich lemma to solve the following.

(1) Let (a,) be a bounded (real) sequence and (z,) converge to 0. Then show

that a,x, — 0.

(2) The sequence yn+1—+/n— 0.

[ — 1 1 PP —1
(3)1‘n— n+1+ n+2+ +\/m_>1'

(4) Let 0 < a < b. The sequence ((a™ + b™)'/™) — b.

a

Theorem 2.4.4 (Nested Interval Theorem - Standard Version). Let .J,, :=
[an,bn] be intervals in R such that J,41 C J, for all n € N. Assume further

that by, — a,, — 0, that is, the sequence of lengths of J,,’s goes to zero. Then there

exists a unique c such that N,J,, = {c}.

Proof. We have already seen (Theorem 1.3.23) that there exists at least one

¢ € NpJy. Let ¢,d € Ny, J,. Assume that ¢ < d. Then, since a, < ¢ < d < b,, we
see that 0 < d — ¢ < b,, — a,. Since b, — a,, — 0, it follows from the sandwich %\LOY\AW
lemma that d — ¢ = 0. |
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(9) True or False: If (z,) and (y,) are sequences such that z,y, — 0, then one

of the sequences converges to 0.
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(11) Let a, — 0. What can you say about the sequence (a]})?
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Define a new sequence ¥y, := Z,(y). Show that y,, — 0.

(14) Let (x,) be a sequence. Assume that z,, — 0. Let o: N — N be a bijection.
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Theorem 2.5.1. We have the following important limits:

(1) Let 0 <r <1 and x,, :=r". Then x, — 0.

(2) Let =1 <t < 1. Thent™ — 0.

(4) Let a > 0. Then a*/™ — 1.

nl/mn 1,

(5

)
)
(3) Let |r| < 1. Then nr™ — 0.
)
)
)

(6) Fiza € R. Then ¢ ,—>O
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@OU)()" 3.4.2 Theorem If a sequence X = (x,) of real numbers converges to a real number x,
— then any subsequence X' = (x,,) of X also converges to x.
N CY\) C @ 3.49 Theorem LetX = (x,)be abounded sequence of real numbers and let x € R have
the property that every convergent subsequence of X converges to x. Then the sequence X —
converges to Xx. S
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discussion in Example 3.3.3(b)) and also for the variety of proofs of its divergence. Here is
a proof by contradiction. If we assume the series converges to the number S, then we have

s (o) (e (o) s o) Seo Barkle -Shabes

> l-i-l + l+l + l-+-1 +-+ i-i-i +
22 4 4 6 6 2n  2n f%fi é::’t:LWL
1 1 1 A\

S N T e .
+2+3+ +n+

=S

The contradiction S > § shows the assumption of convergence must be false and the
harmonic series must diverge.
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1
(c) The 2-series Z - is convergent. —
n

n=1

Since the partial sums are monotone, it suffices (why?) to show that some subsequence

of (sy) is bounded. If k; := 21 — 1 =1, then Sk, = 1. If ky = 22 — 1 = 3, then

| 1 1 2 1
Sk2=T+ ?4—3—2 <1+?_1+§, —

and if k3 := 2> — 1 = 7, then we have

1 1 1 1 4 11
Sky = Sk, + 42+52+62+72 <Sk2+4—2< 1+§+?.

By Mathematical Induction, we find that if k; := 2 — 1, then

O<sy, <14+i+ @+ + @Y™

Since the term on the right is a partial sum of a geometric series with r = %, it is dominated

by 1/(1 —1). =2, and Theorem 3.7.5 implies that the 2-series converges. E—
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Estimate [edit)

The Cauchy condensation test follows from the stronger estimate,

S m < S s <
n—-1 n—0

23" f(n),
n—1

which should be understood as an inequality of extended real numbers. The essential thrust of a proof follows, patterned after Oresme’s proof of the

divergence of the harmonic series.

To see the first inequality, the terms of the original series are rebracketed into runs whose lengths are powers of two, and then each run is bounded above

Z f(n)

(1)

+

n=1

)y +
) +

A

1 +

1)+ £3)
(1@ + 1))
(r@+ 1)
2/(2)

+

+
+

+

1(4) + £(5) + 1(6) + £(7)

(7(4) + ) + £6) + (7))

(74) + 7@) + £(&) + 1(@))
4f(4)

by replacing each term by the largest term in that run. That term is always the first one, since by assumption the terms are non-increasing.

+

+

+

+

— Z 2n (211.

To see the second inequality, these two series are again rebracketed into runs of power of two length, but "offset” as shown below, so that the run of

"ahead" of the latter.

n=0

S50 = £) + () + ) + (£(0) + £04) + £14) + £0)) +
= (1) + 1)) + (1) + 50 + £4) + F4)) +
< (A0 + 1) + (1) + 1O+ 1)+ 1) + - =23 st

\\_nllllllllll-.-__ Illlllllllliill Iililllli/;iiill

2307 f(n) which begins with f(2™) lines up with the end of the run of "> ; 2™ f(2™) which ends with f(2™), so that the former stays always

A:(M) =, 0m -

Visualization of the above argument. Partial sums of the series Y, f(n), > 2" f(2"), and 2 ¥, f(n) are shown overlaid from left to right.

https://en.wikipedia.org/wiki/Cauchy_condensation_test
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3.36 Remarks The ratio test is frequently easier to apply than the root test,
since it is usually easier to compute ratios than nth roots. However, the root

test has wider scope. More precisely: Whenever the ratio test shows conver-

test is too. This is a consequence of Theorem 3.37, and is illustrated by the

above examples.

divergence from the fact that a, does not tend to zero as n — 0.
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gence, the root test does too; whenever the root test is inconclusive, the ratio —

Neither of the two tests is subtle with regard to divergence. Both deduce



